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Abstract. Existence and uniqueness theorems for quantum stochastic dif- 
ferential equations with nontrivial initial conditions are proved for coefficients 
with completely bounded columns. Applications are given for the case of finite- 
dimensional initial space or, more generally, for coefficients satisfying a finite 
localisability condition. Necessary and sufficient conditions are obtained for a 
conjugate pair of quantum stochastic cocycles on a finite-dimensional operator 
space to strongly satisfy such quantum stochastic differential equations. This 
gives an alternative approach to quantum stochastic convolution cocycles on 
a coalgebra. 



Introduction 

The investigation of quantum stochastic differential equations (QSDE) for pro- 
cesses acting on symmetric Fock spaces dates back to Hudson and Parthasarathy's 
founding paper of quantum stochastic calculus ( |HPi | ). As usual in stochastic 
analysis, these equations are understood as integral equations. By a weak solution 
is meant a process, consisting of operators (or mappings), whose matrix elements 
satisfy certain ordinary integral equations. Quantum stochastic analysis also har- 
bours a notion of strong solution. The first existence and uniqueness theorems 
( |HPi| ) dealt with the constant-coefficient operator QSDE with finite-dimensional 
noise space; these were soon extended to the mapping QSDE by Evans and Hudson 
f |Evaj L Further extensions to the case of infinite-dimensional noise were obtained 
in |HP 2 | , |MoSj and |Fag| , and clarified in |Mey| and |LWi | . Solutions of such 
QSDE's yield quantum stochastic, or Markovian, cocycles ( |Acc| ). The converse 
is also true under various hypotheses ( |HuL| . [Bra]); in ILW2I it was proved that 
any sufficiently regular cocycle on a C*-algebra satisfies some QSDE weakly, and 
moreover if the cocycle is also completely positive and contractive, then it sat- 
isfies the equation strongly. In ILW3 complete boundedness of the 'columns' of 
the coefficient was identified as a sufficient condition for the solution to be strong. 
(When the noise dimension space is finite dimensional boundedness suffices.) In all 
the above cases the initial condition for the QSDE was given by an identity map 
ampliated to the Fock space. 

Parallel to the theory of quantum stochastic cocycles, Schiirmann developed 
a theory of quantum Levy processes on quantum groups, or more generally *- 
bialgebras, (see [Schj and references therein). He showed that each quantum Levy 
process satisfies a QSDE of a certain type, with initial condition given by the 
counit of the underlying *-bialgebra (see (|5.1 0|) below). The notion of quantum 
Levy process was recently generalised to quantum stochastic convolution cocycle 
on a coalgebra in [LSi ] where it was shown that such objects arise as solutions of 
coalgebraic quantum stochastic differential equations. Extension of the results of 



Permanent address of AGS. Department of Mathematics, University of Lodz, ul. Banacha 22, 
90-238 Lodz, Poland. 

AGS acknowledges the support of the Polish KBN Research Grant 2P03A 03024 and EU 
Research Training Network HPRN-CT-2002-00279 

2000 Mathematics Subject Classification. Primary 81S25; Secondary 46 L53. 

Key words and phrases. Noncommutative probability, quantum stochastic, operator space, 
stochastic cocycle, Levy process, coalgebra. 

1 



2 



LINDSAY AND SKALSKI 



that paper to the context of compact quantum groups, or more generally operator 
space coalgebras ( ILS3I ), was our motivation for analysing quantum stochastic dif- 
ferential equations on an operator space with nontrivial initial conditions. Results 
obtained here have also enabled the development of a dilation theory for completely 
positive convolution cocycles on a C*-bialgebra ([S]). 

The aim of this paper is to provide existence and uniqueness results for a class of 
quantum stochastic differential equations, under natural conditions, together with 
cocycle characterisation of solutions, The crucial role played by complete bounded- 
ness ( ILW3I ) suggests that the main object for consideration as initial space should 
be an operator space. In general operator space theory is very useful for describ- 
ing properties of coefficients, initial conditions and solutions of our equations (cf. 
ILW5I ). The main existence theorem is proved for coefficients with k-bounded 
columns and initial condition given by a k-bounded map, where k is the 'noise 
dimension space'. (The term k-bounded means simply bounded if k is finite di- 
mensional and completely bounded otherwise). Solutions are expressed in terms 
of iterated quantum stochastic integrals (cf. LW4 ) and have k-bounded columns 
themselves (completely bounded columns if the coefficient has cb-columns and the 
initial condition is completely bounded) . Due to our choice of test vectors (exponen- 
tials of step-functions with values in a given dense subspace of the noise dimension 
space) the results are explicitly basis-independent. As solutions of equations of 
the type considered are quantum stochastic cocycles, one may ask which cocycles 
satisfy a QSDE. Sufficient conditions for the cocycle to satisfy a QSDE weakly, es- 
tablished for the case of C*-algebras in ILW2 , remain valid in the coordinate-free, 
operator space context of this paper. A new result here, informed by our recent 
theorem on convolution cocycles ( |LSi| ), is the characterisation of cocycles on fi- 
nite dimensional operator spaces which, together with a conjugate process, satisfy 
a QSDE strongly — namely, they are the locally Holder-continuous processes with 
exponent 1/2 whose conjugate process enjoys the same continuity. 

The plan of the paper is as follows. In Section Q] the notation is established 
and basic operator-space theoretic and quantum stochastic notions are introduced. 
There also a concept of finite localisability is discussed. Weak regularity is shown 
to be sufficient for uniqueness of weak solutions in Section [5] (cf. |LWi| ). Section [3] 
contains the main result on the existence of strong solutions of equations on op- 
erator spaces and elucidates their dependence on initial conditions. Although in 
the case of (algebraic) quantum Levy processes the initial object is a vector space 
V, rather than an operator space, the Fundamental Theorem on Coalgebras allows 
us to effectively work with finite-dimensional subspaces and thereby to circumvent 
the lack of analytic structure on V (cf. |Sch] ) . For this purpose, the version of the 
existence theorem for finitely localisable maps relevant for coalgebraic quantum 
stochastic differential equations is given in Section |U Section [S] begins by recalling 
known facts on relations between quantum stochastic cocycles and quantum sto- 
chastic differential equations whose initial condition is given by the identity map on 
a (concrete) operator space. It then gives new necessary and sufficient conditions 
for a conjugate pair of cocycles on a finite-dimensional operator space to satisfy 
a QSDE strongly and ends with an application of this result to the infinitesimal 
generation of quantum stochastic convolution cocycles. 

Notation. For dense subspaces E and E' of Hilbert spaces H and H', 0(E; H') 
denotes the space of operators H — >• H' with domain E and 0*{E,E') := {T G 
<D(E;H') : DomT* D E'}. Thus 0$(E',E) is the conjugate space of 0$(E,E') 
with conjugation T n T* := T*\ E >- When H' = H we write 0{E) for 0(E; H). 
We view £?(H;H') as a subspace of 0*(E,E') (via restriction/continuous linear 
extension). For vectors ( G £ and £' € H', oj^x denotes the linear functional on 
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0(E; H') given by T i— > ((',T(), extending a standard notation. We also use the 
Dirac-inspired notations \E) := : ( e £} and (E\ := {(C| : ( £ £} where 
|C) € |h) := B(C; h) and (C| € (h| := fl(h; C) are defined by A H- AC and C' >-> (C» C) 
respectively — inner products (and all sesquilinear maps) here being linear in their 
second argument. 

Tensor products of vector spaces, such as dense subspaces of Hilbert spaces, are 
denoted by 0; minimal/spatial tensor products of operator spaces by ® sp ; and 
ultraweak tensor products of ultraweakly closed spaces of bounded operators by 
®. The symbol is used for Hilbert space tensor products and tensor products of 
completely bounded maps between operator spaces; the symbol is also used for 
the tensor product of unbounded operators, thus if S G 0(E; H') and T G 0(F; K') 
then S T G 0(E F; H' K'). We also need ampliations of bra's and kets: for 
C G h define 

E c := J H (CI € B(H h; H) and E c := I H |C) € B(H; H h), (0.1) 

where the Hilbert space H is determined by context. 

For a vector- valued function / on R + and subinterval I of R+ fj denotes the 
function on R + which agrees with f on I and vanishes outside /. Similarly, for a 
vector £, £/ is defined by viewing £ as a constant function. This extends the stan- 
dard indicator function notation. The symmetric measure space over the Lebesgue 
measure space R + ( |Guij ) is denoted T, with integration denoted J r ---da, thus 
r = {a C R+ : #a < oo} = U„>o r ™ where f = {u C 1+ : #d = n} and is an 
atom having unit measure. If R+ is replaced by a subinterval I then we write T/ 
and r™, thus the measure of T™ is |/| n /n! where \I\ is the Lebesgue measure of /. 
Finally, we write X CC Y to mean that X is a finite subset of Y. 

1. Preliminaries 

Quantum stochastics ( |Par| . |Mey| ; we follow [L]). Fix now, and for the rest 
of the paper, a complex Hilbert space k which we refer to as the noise dimension 
space, and let k denote the orthogonal sum C © k. Whenever c € k, c := (J G k; 
for Ec k, £:= Lin{c : c £ and when g is a function with values in k, g~ denotes 
the corresponding function with values in k defined by g(s) := g(s). Let J- denote 
the symmetric Fock space over L 2 (M. + ; k). For any dense subspace D of k let E>d 
denote the linear span of {<iro,t[ : d € D,t € M+} in L 2 (R + ; k) (we always take these 
right-continuous versions) and let Ed denote the linear span of {s(g) : g G §£>} in 
J 7 , where e(g) denotes the exponential vector ((n!)" g® n ) n>0 - The subscript D is 
dropped when D = k. An exponential domain is a dense subspace of t) T , for a 
Hilbert space fj, of the form Dq£d- We usually drop the tensor symbol and denote 
simple tensors such as v e(f) by ve(f ). 

For an exponential domain P = J)0fc C f)® J and Hilbert space fj', P(X>; f) 
J") denotes the space of (equivalence classes of) weakly measurable and adapted 
functions X : R+ -> 0(£>; I)'® J): 

i h^- (£', X t ^) is measurable G f) J", ^ G V); 

(u'e(g'), X t ue(g)) = (u'e(g' [o t[ ), X t ue(g m )} (u'e(g' [t Qo[ ), ue(g [tj0o[ )) 

(u G 53,5 G §z»,w' G f)',f/ £ §,t £ R+), with processes X and X' being identified 
if, for all C G 13, X t £ = for almost all t G R+. If 23' is an exponential domain 
in h' J 7 then pt(23,23') denotes the space of 0$(D, 23')-valued processes. Thus 
P*(23',23) is the conjugate space of P*(23, 23') with conjugation defined pointwise: 

x\ - (x t )V- 
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Let F G P(S) D £ D ; fj' k J 7 ) be quantum stochastically integrable ([L]). 
Then the process (X 4 = J F s dA s ) t > Q e P(S £d; f)' T) satisfies 

(v'e(g'),X t ve(g))= [ ds (v'g'(s)e(g'), F s vg(s)e(g)) (1.1) 



||^£(g)|| 2 < C(.g,t) 2 / ds ||F s i;ff( a ) e ( 5 )|| 2 (1.2) 
Jo 

(u G 2), <? G §, u' G f)', g' E S,t E R + ) for a constant C(g, i) which is independent of 
F and v. These are known as the Fundamental Formula and Fundamental Estimate 
of quantum stochastic calculus. We also need basic estimates for sums of iterated 
integrals. Thus let L = (L n G C(D D Gn ; ()' ^ n )) n>0 satisfy the growth 
condition 

-= max.{\\L n v Ci • • • Cnll : Ci, • • • > Cn G F} < oo. 

Then the iterated quantum stochastic integrals of the L„ sum to a process (A(L)) t> 
satisfying ( for all v G 2),p G G fj',g' € S) 

(v'e(g'),A t (L)ve(g))=e^ [ da (v'n p (a),L^V7r d (a)) (1.3) 
||A t (LK( 5 )|| < ||e( 5 )||]Tc( g ,T)"{ / da ||L„^ ? (a)|| 2 } 1/2 (1.4) 

Tl>0 P. *] 

|| [A t (L)-A r (L)] «£(«?) || <|| £ ( 5 )|| rC( 5 ,r)» +1 ) A ds / ^||L„^ ? H|| 2 } 1/2 , 

(1.5) 

for < r < t < T, where 

7Tg(cr) := p(s„) • • • g(si) for <j = {s x < • • • < s„} G I\ 
with 7T ? (0) := 1. 

Forms and maps. Let V and V be vector spaces and let E and E' be dense 
subspaces of Hilbert spaces H and H'. For any sesquilinear map </> defined on 
E' x E and vectors Q' G £" and (ei?we write <^ for the value of 4> at ((', (). We 
shall be invoking the following natural relations: 

SL(E', E- L(V; V')) D L(E; L(V; V |H'))) (1.6) 
D L(V; V' 0(E; H')). (1.7) 

In case H is finite dimensional the inclusion (|1.6I) is an equality. In case V' is 
finite dimensional the inclusion (11.71) is an equality. More generally the following 
observation is relevant here. 

Lemma 1.1. Let \ G L[E] L(V; V |H'))) satisfy the localising property: 

^xEV finite dimensional subspacc of V V(EE X|C)( X ) S ^1 © 1^')- 

™ e nxei(^;V"0O(£;H')). 

Proof. Straightforward. □ 
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Definition. Let \ e L(E\ L(V; V |H'») for a vector space V, pre-Hilbert space 
E and Hilbcrt space H'. A subspace V\ of V localises \ if it satisfies 

X|c)(^i)cVi0|H) ((€£); 

X is finitely locaUsable if 

= M{^i : Vi localises x an d dim Vi < oo}. 

Remark. By Lemma [1.11 if \ is finitely localisable then it belongs to L(V;V 
0(E; H')), and localisation by V\ translates to 

x(ti)cVi0O(£;H'). 

Apart from the case of finite dimensional V, the example we have in mind is 
that of a coalgebra C with coproduct A. In this context all maps of the form 
X = (idc <£></?) o A, where <p G L(C; 0(E)\ are finitely localisable. This follows from 
the Fundamental Theorem on Coalgebras. 

Matrix spaces. For the general theory of operator spaces and completely bounded 
maps we refer to |EfR| and |Pis2 . For an operator space Y in B(H; H') and Hilbert 
spaces h and h' define 

Y0 M B(h;h') := {Te £(H h; H' h') = B(H; H')0-B(h; h') : n cx (T) G Y} (1.8) 

where fif,£ denotes the slice map id 0cJf',f : T i-> Ti^. For us the relevant cases 
are Y 0m -B(h) and Y 0m |h), referred to respectively as the h-matrix space over 

Y and the h-column space over Y. (Previous notations: M(h;Y)b and C(h;Y)b.) 
Matrix spaces are operator spaces which lie between the spatial tensor product 

Y sp B(b; h') and the ultraweak tensor product Y0i3(h; h') (Y denoting the ultra- 
weak closure of Y). They arise naturally in quantum stochastic analysis where a 
topological state space is to be coupled with the measure-theoretic noise — if Y is 
a C*-algebra then typically the inclusion Y sp £?(h) C Y 0m B(b) is proper and 
Y0m B(b) is not a C*-algebra. Completely bounded maps between concrete oper- 
ator spaces lift to completely bounded maps between corresponding matrix spaces: 
for (f> G OB(Y;Y') there is a unique map $ : Y M B(h;W) -s- Y' M B(h; h') 
satisfying 

fil C / iC o $ = <f> o Q c , x (Ceh,Ceh'). 

This map is completely bounded and is denoted </> 0m ids(h ; h')- A variant on this 
arises when Y' has the form X 0m B(K; K'): 

h;h ' :=ro(00 M id B(h;hO ) (1.9) 

where r is the flip on the second and third tensor components, so that 

h;h ' (Y M B(h; h')) C X M B(h: h') M B(K; K'). 

When h' = h we write (j) h . 

Tensor-extended composition. We develop a short-hand notation which will 
be useful here. Let U,V and W be operator spaces and V a vector space. If 
4> € L(V; U sp V sp W) and tp £ CB(\/; V) then we compose in the obvious way: 

ipm<f>:= (idu 0V ® id w) o (j) G L(V; U sp V sp W). (1.10) 

Ambiguity is avoided provided that the context dictates which tensor component 
the second-to-be-applicd map ip should act on. This works nicely for matrix-spaces 
too. Thus if <j> G L(V; Y M B(h; h')) and ip G CB(Y; Y') (or ip G S(Y; Y') if both 
h, h' are finite-dimensional), where Y and Y' are concrete operator spaces, then 

i/f • <p := (if, M id B(h;h /)) o g L(V; Y M B(h; h')). 

The following elementary inequality will be needed in Section 3. 
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Lemma 1.2. Let ip G _B(X;Y) and fa,...,fa G B(X;X ®m |H)) for concrete 
operator spaces X and Y and finite dimensional Hilbert space H . Then 

\\ip.fa.---»fa\\ < (dimH)"/ 2 ||V||||0i||---||^||. 

Proof. Let (ej) be an orthonormal basis for H and, for a multi-index i — (i\, . . . , i n ) 
let e(i) denote €D • • • ® ei n . Then, by a 'partial Parseval relation' (recall the 'E 
notation' introduced in (jO.ip ) 

||^ • fa • ■ ■ • • ^(xHI 2 = ||£ e(i) • 0i • • ■ ■ • fa t )(x)u\\ 2 (x G X, u G h) 

z 

where h is the Hilbert space on which the operators of Y act. The result therefore 
follows since, for any unit vectors d\, . . . , d n G H, 

. 01 . . . . . 0n || = ||^ Edifa . . . E d n ^ n \\ 

□ 

The following variant on tensor-extended composition will also be useful. For 
ip G L(V; 0(EqE'; K(g)K')) where V is a linear space, E and E' are dense subspaces 
of Hilbert spaces H and H' and K and K' are further Hilbert spaces, 

u c>v »ij>:=Etl>(')E n , CeK',rye£;'. (1.11) 

Thus u Cn • il> G L(V; 0{E; K)) . 

2. Regularity and uniqueness 

For this section fix a complex vector space V and exponential domains T> = 
DQ£ D and V = D'o£ D > in t^J 7 and l)'®^ respectively. A map V -> P(X>; f)'® J 7 ) 
is called a process on V. We are interested in such processes which are linear and 
denote the collection of these by P(V : T>\ t)' ® J 7 ). Also define 

P*(V : P,P') := {fc G P(V : X>; f)' ® J 7 ) : fc(V) C P t (2?;2?')}, 

and for such a process fe its conjugate process G P^V^ : T>' ,T>) is defined by 
fcj(as+) = fct(a;)+. 

A process k on V is (T> ! ,T>)-pointwise weakly continuous if s i — >■ ° fc s )(x) is 

continuous for all £' G I?', £ G P and a; G V; it is (T>' ,T>)- weakly regular if, for some 
norm on 1/, the following set is bounded 

{||x||- 1 (u£^ofc,)( aJ ):xe^\{0},ae[0,t]} 

(£' G P',£ G P,t G R+). In case 

P = P* := (f) £) and P' = 2?£ := (f)' ® £) (2.1) 

we drop the (P',P) and refer simply to weakly continuous and weakly regular 
processes. If V already has a norm then weak regularity refers to that norm. We 
denote the spaces of such processes which are also linear by V WC (V : P,P') and 
P wr (V : V,W) respectively. 

A weaker notion of regularity tailored to the coefficient of a quantum stochastic 
differential equation is also relevant to the uniqueness question. Thus let <f> G 
SL(fy,D;L(V)) (sesquilinear maps). For each R CC V, F CC D and F' CC D' 
define the following subspace of V 

V* AF := Lin o • • • o ^g)(z) : „ G Z+, z G fl, Ci , • . . , C . G Ci, • • • , Cn € F} 

(with the convention that an empty product in L(V) equals idy), and for /, /' G § 
write Fl and F t for Ran/|[ 0j t[ and Ran/'|[ 0jt [ respectively. 
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Definition. A process k : V — > P(T>; f)' ® T) is {V ,T>)- weakly regular locally with 
respect to 4> if Vp, R Ft has a norm for which the following is finite: 

C^ = sup{||z||->^ofc s (z)| :zeV*, RFt \{0},se [0,t[} (2.2) 
(iZ CC V,C = ve(f) €V,e = v'e(f) e X>',t e K+). 

We shall refer to such norms as regularity norms and let P^ W r(^ : T>,T>') denote 
the space of such processes which are linear. 

Proposition 2.1. Let k e P WC (V^ : V,V). 

(a) Let <ft € SL(D' , D; L(V)) and suppose that <f> satisfies 

dimV^, fl Ft <oo (RCCVJ €S D ,f €§D>,t€M.+). 

Then k e P^,wr(F : V,V). 

(b) Suppose that V is a Banach space and uj^i £ o k t is bounded for each £' £ 
P'ieP ! (eR + . Then k e V WI (V : V,W). 

Proof. Let £ = ue(f) £P,(' = w'e(/') G £>' and i e R+. 

(a) In this case let R CC V and consider the ('-norm on Vp, R Ft determined by 

a choice of basis: || J2i=i A i e i|| ; — Si=i M- By linearity 

< sup { | (£', k s ( ei )0 1 := < s < t, i = 1, . . . , d}, 

which is finite by weak continuity. 

(b) In this case the family of bounded linear functionals {w{'„e o k s : < s < t} 
is pointwise bounded, by weak continuity, and so the Banach-Steinhaus Theorem 
applies. □ 

In particular, if V is finite dimensional then, once equipped with a norm, Part (b) 
applies. 

Corollary 2.2. If V is finite dimensional then 

P WC {V :V,V) dP m {V :V,V). 

Quantum stochastic differential equations. Now let <j> g SL(D' , D; L(V)~) 
and k e L(V;W) where W is a subspace of 0(D; f)'), for example I?(fj;fj'). A 
process fc : V — > P(D; fj' ® J 7 ) is a (2?', V)-weak solution of the quantum stochastic 
differential equation 

(ifct = kt* dA<f,(t), ko = l o k (2-3) 

(where t denotes ampliation 0(33; f)') -> <g> J 7 )), if fe is (V, D)-pointwise 

weakly continuous and 

WO -(^(x) V > ( £ ( ff '), £(S)) 
(£ = G P, £' = v's(g') eV\xeV,te K+). 

Remark. Suppose that W is a subspace of 0* (55,5)') and X>' = 2)' £d'. If a 
(I?', 2?)-weak solution k of the equation (|2.3[) is P* (V, D')-valucd then the conjugate 
process W : V^ — > P*(Z>',D) is a (25, 25')-weak solution of the quantum stochastic 
differential equation (|2.3p with </> and k replaced by t € SX {p,D'\ L(V^)) and 
«t € L(V^;W^) respectively. 
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A process k G P(V : T>; t)' T) is a T>-strong solution of the quantum stochastic 
differential equation ([23)1 if there is a process K G P(V : 2) D £ £>; f)' (g) k J 7 ) 
which is pointwise quantum stochastically integrable and satisfies 

w C / jC • K t = h o <f$ (C £D>,(eD,teR+), (2.5) 

and t 

k t (x) = k(x) I +/ K s (x)dA s {xeV 1 teR+). (2.6) 
Jo 

In particular strong solutions are (pointwise strongly) continuous. In view of the 
First Fundamental Formula any ©-strong solution is a (2?*, 2?)-weak solution. 

Conversely, if k is a (I?', 2?)-weak solution, with V of the form D' and K 
is a pointwise quantum stochastically integrable process satisfying (|2.5p then (|2.6[) 
necessarily holds. 

Strong solutions will be considered in subsequent sections. For now let W — 

0(»;f)')- 

Theorem 2.3. Let G SL(D' ,D; L{V)) and k G L(V; W) and fe£ fc &e a (V',V)- 
weak solution of the quantum stochastic differential equation f|2 . 3[) . If k is weakly 
regular locally with respect to cj> and is such that, for each R CC V,vs(f) G 

V,v'e(f) G V, t G K + and s G [0,t[, the map <f>L y * s bounded on Vp* RFt 
with respect to a corresponding regularity norm, then 

(a) fc linear, so that k G P^ W r(^ : P,! 1 '), and 

(b) </ie equation (I2.3[) /ias no other such solutions. 

Proof. Fix £' = u'e(/') 6D',(= ue(/) G P and f G R+. 

(a) Let i,)/ 6 7 and A G C; set R = {x, y, x + Xy}, U = Vp, R Ff with a regularity 

norm || • || and C = 2Cp' R : ^; and define 

7,V>*) = [k s (z r ) + \k s (z) - k s (z' + Az)]^) for z,z' eU,s£ [0,t]. 
By the regularity assumption this satisfies 

\^(z',z)\<C(\\z'\\ + \X\\\z\\). 
The linearity of k and each <f>^, yields the identity 

7* (z\ z) = jT dr ^ (z') , (z)) . 

Iterating this and using the boundedness assumption gives 

y-n 

\^(x,y)\ < -CM n (\\x\\ + \X\\\y\\), neN, 

where M = max{||0§'(z)|| : z G U, \\z\\ < l,c' G F/, c G F t }. Thus 7 t A (a;,y) = 0. It 
follows that k is linear. 

(b) Let k be another such solution. For x G V and £ G K+ define 

7 ,(z) = (£', [*,(*) - fc s (z)]0 (z G V^ i{a}iFt) a e [0,t]). 

Then 

| 7s (z)| <C(max{||z||,||z|U}), 

where C = CpfyK ^ ^ and || ■ || and || • ||^ denote the corresponding regularity 

norms. Arguing as in (jaj) yields (jb| □ 

The following two special cases are relevant for the case of coalgebraic ( |LSi| ) and 
operator space (Section [3] of this paper) quantum stochastic differential equations 
respectively. The first applies in particular when V is finite dimensional. 
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Corollary 2.4. Suppose that <f> satisfies 

dimV* {x}F < oo (F' cc D',x eV,Fcc D). 

Then the quantum stochastic differential equation (|2.3I) has at most one (T>',T>)- 
weak solution. Moreover any such solution is necessarily linear. 

Corollary 2.5. Suppose that V is a Banach space and the sesquilinear map (f> is 
B(V)-valued. Then the quantum stochastic differential equation (|2.3p has at most 
one linear (V ,T>)-weak solution k for which each o k t is bounded (£' € 2?', £ € 
V,t G R+). 

3. Existence and dependence on initial conditions 

For this section let V be an operator space (with conjugate operator space V' 
and conjugation x i— >■ x>), let Y be an operator space in £?(f); f)'), let T> = f) Eu 
and T>' = f)' for dense subspaces D and £>' of k and recall the notation (|2.ip . 
Then P(V — > Y : V, V) denotes the following class of processes on V: 

{k G P(V : X>;f/0 F) : u) e >, e • fct(V) C Y for all e' G £d' , e G £o,t G 

Recall that k-bounded means bounded if the noise dimension space k is finite di- 
mensional and completely bounded otherwise. For operator spaces V and W, we 
write k-_B(V; W) for the space of all linear k-bounded maps acting from V to W, 
and give it the operator norm if k is finite-dimensional and the cb-norm otherwise. 
We consider the quantum stochastic differential equation (|2.3|) 

dk t = kt * dA$(t), ka = i o k 

where G L(3; k-fl(V; CB((k\; V))) C SL(k, D; B(V)) and k G k-B(V;Y). Now 
ampliation is of bounded operators, so t(Y) C Y ®m B(F). We say that 4> nas 
'k-bounded columns' (cf. |LW^ ). Note that OB((k|;V) = k-B((k|;V) (topological 
isomorphism) . 

Theorem 3.1. Let 4> G L(z); k-S(V; CS((k|; V))) and k G k-B(V;Y). TTien tfie 
quantum stochastic differential equation (|2.3I) /ias a T>-strong solution k G P(V — > 
Y : X>,2?Q, enjoying the following properties 

(a) fc /ias k-bounded columns: 

kt,\ e) G k-S(V;Y0 M |^» (t eK + ,ee fo). 

(b) For eac/i e G £ d the map 

R+ ->■ k-B(V;Y0 M |.F))> s^fc 5 ,| £) 
is locally Holder- continuous with exponent |. 

(c) 7/ fc is a linear (T>' 1 ,'Di)-weak solution of (|2.3[) . /or exponential domains 
"D'l and T>\ contained in T>' and T> respectively, then k is a restriction of k: 

kt(x) = k t (x)\ Vi (ieV,(ei + ). 

(d) 1/0 /ias cb-columns and k is completely bounded then k has cb-columns and 
© holds with CB(V; Y m \F)) in place of k-B(V; Y M \F)) . 

Proof. Define a process k G P(V — > Y : T>, V) as follows: k t — A t o v where 

v n g L (£©n. k _ B(v . y 0M c L(V; 0(i) l3 0n ; J)' k®")) (n G Z) 

is defined by 

E&*-°&v% l9 ... 9M = k o <i>f n o . . . o 4| (d, . . . , c» g d, c[, . . . , c; g k). (3.i) 

Thus, in terms of any concrete realisation of V in B(H) for a Hilbert space H, 
^|Ci®-®C«> = T ° ( K ' ^IC»> • ' ' ' • <%>) » 



10 



LINDSAY AND SKALSKI 



where t : Y <8>m |k®") — > Y 0m |k®") denotes the tensor flip reversing the order of 
n copies of k. Therefore, if k is finite dimensional then Lemma IT721 implies that 



Hulks-Boll ^ Nl (Vdimk max||0| C!) ||) , 
whereas if k is completely bounded and <p has cb-columns then 

H w |Ci®-®C„)IU - ll K H cb ( max II^ICi>IU) • 

It follows from (ll.4[) and (11.51) that fc t j e )(V) C Y 0m l-^ 7 ) and k t ,\e) is bounded 
V -> Y M I-? 7 ) (e = e(ff) e £ D ,t e R+), with 

n*t.i e >ii<ii«iriNiX)-7=f' and 

n>0 ^ n - 

l|fc t .| £) - fe.,| e )|| < Vt^lNI'NICte.T) V -= (0 < a < t < T), 

where C = C(g, T)\f(y max {||<%) ||' : C € ^- an 5|[oT]}' w ^ n II ' II' ana - ^' meamn g 
|| • || and dim k respectively, when k is finite-dimensional, but || • || c b and 1 otherwise. 
We have therefore shown that k satisfies (jaj) and (0 when k is finite dimensional. 

Now suppose that K is completely bounded and 4> has cb-columns. Then, iden- 
tifying M N (Y M |k» = Y <g) M |k) ® M M N with M N (Y) ® M |k) = Y M Mjy 0m |k> 
gives 

(fc t ,| £ )) W =fct,|e> (iV6N,t6R +I E6f fl ) I (3.2) 

where k is the process arising from the above construction when k and <j> are replaced 
by and (f> N , 4> N being given by (4> N )\Q = (0|c))^- It follows that the above 
estimates apply with cb- norms on the left-hand side (as well as the right). This 
completes the proof of (jaj), (|bj) and (jdj. 

Recalling (11.3j) we next note that k enjoys the following useful 'form representa- 
tion': for e = e(g) e e' = e(g') G £ and < G R + , 

e-< 9 '^w £ ,, £ .fc t = / dau^f (teR+) (3.3) 

-' r [o,t] 

in B(V; Y) where 

= k o ^gjg o • • • o ^> for a = {si < ■ ■ ■ < s n } G T. (3.4) 



Therefore 

uv, e • h ~ (e f , e)k = (e', e) [ da (I- 5 9 (a))vg' a 



;o,t] 



(e',e) / ds / dpv 9 ' 9 



pU{s} 
[o,»] 



ds / dpvt« <i$§ 



/ ds ov £ • (/c s o </>:' 
Jo ' " 



so A; s is a (2?, 2?')-weak solution of 

Now define a process K G P(V ->■ Y M |k) : f) 5 £ D , f)' £) by 

K t,\cm) = k t,\e) • 0|C> (* e M +' C e 13, £ G £d). 
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Since it is (pointwise strongly) continuous, by part (b), K is quantum stochastically 
integrable. Moreover, since 

E C #t,|C®e> = EC h,\e) • <j>\() = kt,\e) ° </>£ , 

K also satisfies (12.51) . Therefore k is a 2?-strong solution of (|2.3|l . Part (c) follows 
from the uniqueness result Corollary 12.51 This completes the proof. □ 

Notation. The process uniquely determined by k and <p in this theorem will be 
denoted k K '^, extending the established notation k^ for the case Y = V and k = idv- 

Corollary 3.2. Let 4> E k-B(V; CB(T(k); V)) and « € k-B(V;Y). T/ien (for any 
exponential domains T> and T>') the quantum stochastic differential equation (|2.3p 
has a unique T>,T>' -weakly regular weak solution k G P(V — > Y : T>,T>'); it is also a 
T>-strong solution. 

Here T(k) denotes the operator space of trace-class operators on k and we are 
invoking the natural complete isometry OB(T(k); V) = CB(\k);CB((k\; V)). IfVis 
a concrete operator space then there is a natural completely isometric isomorphism 
between CB(T(k); V) and V ®m B(k), so that <p above may be viewed as a map in 
k-S(V;V® M S(k)). 

Corollary 3.3. Suppose that (j) has a conjugate <fJ in L(D'; k-B(V^; CB({k\; V^)) . 
Then k K ^ € P* (V — > Y : V,V) and (k K '^ = fc K V. 

Proof. In view of the identity 

v°/ = (vf°y (ge$ D ,g' eS D ,,o-eT), 

where v is defined by (|3.4|) with an d <^t j n place of k and 0, this follows from 
the form representations (|3.3p for k K ^ and k K ^ . □ 

Remarks, (i) If 17 is a subspace of V invariant under each of the maps (f>% (C/ £ 

k, C G D) then w E / )6 • fc t (f7) C k(U) for all e' £ £,e £ £ D . 

(ii) The identification (13.21) extends as follows. If <f> has cb-columns and k is 
completely bounded then h-matrix space liftings, of coefficient, initial condition 
and solution, are compatible: 

(k^) h = kf^' (3.5) 

where k' = k <8>m ids(h) and <fi' is determined by 0'^ = (<f)\Q) h . This follows easily 
from the equality 

(in the notation (|1.9[l and the identity 

A n (T ® L) = T ® A"(L) (T G B(h), n G Z+, L G 5(f); f)')®S(k® n )). 

In the next result we consider the case where the operator space V is concrete 
itself, and so the process k K '^ may be compared to the process . 

Proposition 3.4. Let k and <fi be as in Theorem \3.1\ and suppose that the operator 
space V is concrete. Then the following hold. 

(a) 

Lj e ' t e • kt — K o (oj e / jS • kf ) (e G £d, £ r G £, t G K+). 
(b) If k is completely bounded then 

K'\e) =n 'K\e) (teR+,ee£ D ). 
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(c) If k is completely bounded and the process k^ is completely bounded then 
k K,c ^ is the completely bounded process given by 

h£ , * = K»kt (teR+). 

Proof, (a) follows easily from (I3.3[) ; (b) and (c) are simple consequences of (a). □ 

Remarks. Since the process k K ^ depends linearly on k, the proposition implies that 
it also depends continuously on its initial condition — in various senses, depending 
on the regularity of the initial condition and process k^. 

If V = Y and the initial condition commutes with the coefficient operator, in the 
sense that K • 4>\q — (j>\Q ok (( e D), then k • <f)V\ = <f)VX o k (n E € D Qn ) 

and so 

k^=kfoK (teR+). 
Injectivity of the quantum stochastic operation A ( ILW4I , Proposition 2.3) im- 
plies that 

fc K,0 = fcK ',0' if and Qnly if K = K > and K , ^ =K , m ^ ^ g JJ^ 

4. Localisable equations 

In this section we consider the case where the source space is a vector space on 
which the coefficient map of the quantum stochastic differential equation is finitely 
localisable. Thus let V be a complex vector space, let I? be a dense subspace 
of the noise dimensions space k and consider our quantum stochastic differential 
equation (|2.3p 

dk t — kt • dA^(t), fco = l o k, 
where € L(D\ L(V; V |k))). We consider two cases. Recall that if <j> is finitely 
localisable then it necessarily belongs to L(V;V O(D)); also recall the nota- 
tion ([53]) . 

Theorem 4.1. Let cf> e L(V;V £>(£>)) be finitely localisable and let k £ L(V;Y), 
where Y is an operator space in -B(f); f]'). Set T> = f) Ed- Then there is a process 
k 6 ¥(V — > Y : T>,T>'^), which is a T>-strong solution of (|2.3I) and enjoys the 
following further properties: 

(a) k is L{V;Y QO{£ D )) -valued. 

(b) The map s 1— > k s \ e \(x) is locally Holder-continuous R+ — > Y sp \F) with 
exponent ^ (x € V, e <E Ed)- 

(c) If k is a {T>i,'Di)-weak solution of (|2.3p . where T>\ andT>[ are exponential 
domains contained in T> and D'^ respectively, then k is a restriction of k: 
k t (x) = k t (x)\ Vl . 

(d) For any subspace V\ localising <fi, fct(Vi) C k(V\) 0(Ed) (t € K+). 

Proof. Consider a finite dimensional subspace V% of V which localises <f> and let 
Ki and 0i be the restrictions of k and 4> to V\. By endowing V\ with operator 
space structure Ki becomes completely bounded and </>i enjoys completely bounded 
columns. Theorem 13.11 therefore permits us to define a process k 1 g P( Vi — > Y : 
V,V) by A: 1 = fc* 1 '* 1 . Now suppose that k 2 € P(V 2 -> Y : 0,0') is the process 
arising in this way from another finite dimensional subspace V2 localising <fi. Then 
the finite dimensional subspace V3 := V\ fl V2 also localises <j> and so gives rise to 
a third process fc 3 G P(Va — > Y : V,V). By the uniqueness part of Theorem 13.11 
it follows that fc 3 agrees with both k 1 and k 2 on V3. The following prescription 
therefore gives a consistent definition of a process fc 6 P(V — > Y : 2?, V): let 
fct(x) = fc" 1 (a;) where K\ and </>i are the restrictions of n and cf> to any finite 
dimensional subspace of V containing x which localises (f>. That fc is a 2?-strong 
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solution of (I2.3[) satisfying properties (jlj)-([dj now follows easily from Theorem 13.11 
and the subsequent remark. Observe that fdj implies that for each s > and 
e G £d the map fc S) | E ) takes values in Y □ 

Remark. Clearly the following weaker localisable property suffices: for all x G V 
and F CC D there is a finite dimensional subspace V\ of V containing x such that 
(t>\£)(Vi) C Vi |k) for all £ G F; conclusion |JHJ is then modified accordingly. 

Notation. We again use the notation fc K '^ for the process obtained in the above 
theorem. 
As before, 

k K ^ = if and only if k = «' and k • <fr = k' • (f)' . 

Corollary 4.2. Suppose that <f> G i(V; V © 0*{D,D')) for some dense subspace 
D' o/k. TTiera G P*(V : £>,£>') where W = ® £ D , and {k K ^ = k K ^ ^ . 

We next give a variant of the above existence theorem. Note that the definition 
of P(F -> Y : Z>, 2?') extends in an obvious way if Y is replaced by W = 0(23; h') 
and V by 23 (I)£ D - 

Theorem 4.3. Let (f> G L(V; K 0(5)) be finitely localisable, let k G L(F;PF) 
and set 2? = 2) £d- Then the conclusions of Theorem \4-l\ hold with Y replaced by 
W and (Jaj), © and @ replaced by 

(a)' s i — ^ is locally Holder- continuous R+ -> ()' ® J iwi/i exponent ~> 

for all x £ V and (£D. 

Proof. For u G 23, Theorem 14.11 applies, with Y = |fj'), to the quantum stochastic 
differential equation 

dk t = kt»dK t j ) {t), k = Lon\ u ); 

Let l u G P(V -> |f)') : f^, f)'©£) be its ^-strong solution. For u, v G 23 and A G C, 
if <? G £d and £' = v'e(g') G I?' then the maps 7 S : V — > C (s G K+) given by 

7s (x) = (r, [l?(x) + A/*(x) - ^+ A %)] £ ( ff )) 

satisfy 

7t(ar) = jf ds ls (^(x)) (x G V,t G M+). 

In view of finite localisability, iteration shows that 7 is identically zero. If follows 
that 

k^(x)ue(g) := lt(x)e(g) (x G V,ue D,g G §D,i G R+), 

defines a process k K ^ G P(F -» IF : 2?, 2?') which is a 2?-strong solution of g3); it 
is clear that it satisfies (a)' and (jcj) too. □ 

5. Quantum stochastic cocycles 

In this section we give a new result on the infinitesimal generation of quantum 
stochastic cocycles (cf. [LWg]). At the end we describe how the result may be 
applied to quantum stochastic convolution cocycles on a coalgebra ( |LSi| ). Fix an 
operator space Y in i?(f); h') and exponential domains V — 1)Q£d and V = 1)'q£d'- 

The following notations for a process k G P(Y — > Y : T>,D') prove useful: 

(g' G B D ',g eS D ,te R + ) and 

kf' c ■= fc c lo,t[' c [°.*[ ( c ' G £>' , c G D). (5.2) 
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Thus kf ' 9 £ L(V) and the process is called initial space bounded if each map k 9 ' 9 
is bounded (cf. the condition of having bounded columns). 

Definition. A process k £ P(Y — > Y : T>,V) is a (V , T>)-weak quantum stochastic 
cocycle on Y if it satisfies 

K'ft=k3''°okf 3 '' S *° (5.3) 

for all g' £ §rr, r,t £ M+ and g £ §£>, where (Si)t>o is the (isometric) right-shift 
semigroup on L 2 (R + ; k). 

Let Q§C(Y : 2?, 2?') denote the collection of these. Also define 

QSC^Y : V,V) = Q§C(Y : V,V') n P*(Y -> Y : P,X>'); 

if fc is in this class then k\ 9 ' 9 = (kf :9 )t and it is easily seen that the conjugate 
process k* is a cocycle on Y^. 

In case the process has cb-columns (each map x i— > k t ^(x) is completely 
bounded Y — > V (8m jj 7 )) the cocycle relation is equivalent to 

fc r+t,|e(s [0>r+t[ )) = fc r,|e(g [0 , t [)) * fc *,|e(S;ff[r,r+t[)>; 

in case the process itself is completely bounded it simplifies further, to the more 
recognisable cocycle property: 

_j_ £ — kip 9 (Tip 9 k-f- 

were (o>) r >o is the CCR flow of index k ( [Arvj ) . 

Lemma 5.1. Let k £ P(Y -> Y : V,V) and define P c '- C := (fc t c ' ,c ) f > (c',c € k). 
TTien £/ie following are equivalent: 

(i) fc <= QSC(Y : 

(ii) For a/Z c' € D 1 and c £ D, P c ,c is a one-parameter semigroup in L(Y) and, 

for all g' £ Sd 1 , g £ §d and t £ R + , kf ' 9 = If ' 9 where 

jg'-g _ ps'(*o),s(*o) pg'(t„),g(t„) (t . .n 

H — -'ii-to ' ' ' r t» + i-t„ l -^ 

wrai/i n G Z+, to = 0, t n +i = £ a?wi {ii < • ■ • < t„} being precisely the 
{possibly empty) union of the sets of points of discontinuity of g' and g in 

(iii) For all g' £ §rr , g £ §zj and t £ R+ 7 

kf' 9 = p 9 '(*°)> 9 ( to ) . . . pa' (tn),g{t n ) ^ ^ 

whenever n £ Z + and {0 ~ to < ■ ■ ■ < i n +i — t} includes all the disconti- 
nuities of g' [o t[ and g[ , t [. 

Proof. Straightforward, see [LW2]. □ 

The one-parameter semigroups {P c ,c : d £ D',c £ D} in L(Y) are referred 
to as the associated semigroups of k, P°'° as its Markov semigroup and (|5.5p as 
its semigroup decomposition. If k is initial space bounded and each semigroup is 
norm continuous M+ — > B(Y) then the cocycle is called Markov-regular. When the 
cocycle is contractive, norm continuity of any of the associated semigroups (such 
as its Markov semigroup) implies Markov-regularity ([LWj , Proposition 5.4). In 
view of the semigroup decomposition, Markov-regular cocycles are necessarily both 
weakly regular and weakly continuous processes. 

Now consider the quantum stochastic differential equation (|2.3[) where k = idy: 

dkt = kt • dA<f,(t), fco = i. (5-6) 
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The following result is a coordinate-free counterpart to Proposition 5.2 of ILW2I in 
the operator space setting. 

Theorem 5.2. Let (f> G SL(D',D;B(Y)) and let k £ P 0wr (Y -> Y : V, V) be a 
{T>,T>')-weak solution of the quantum stochastic differential equation (|5.6p . Then k 
is a Markov-regular quantum stochastic cocycle and the generators of its associated 
semigroups are given by 

ip c >,c = 4 (c'eD',ceD). (5.7) 

Proof. Let f = v'e(g') 6 P',( e ve(g) G X> and t G R+. Define Zf' ,s G 5(Y) 
by (|5.4p where P c ,c is the norm continuous semigroup in -B(Y) with generator <fi~ . 
Then mf ' 9 := fcf ' s — If ' 9 satisfies 

Iterating this gives 
(v' , mf ' 9 (x)v) 



t 

ds n ■ 
Jo 



da^uct o k Sl - u v ,, v o li' 9 )(cf> 9 ^ o • • • o )(ar). 



By </>-weak regularity of fc and norm continuity of I 9 ' 9 , the integrand has a bound of 
the form C||x||M™ where the constants C and M are independent of n. The identity 
kf ' 9 = If ,9 follows and so, by Lemma 15.11 k is a quantum stochastic cocycle with 
associated semigroups {P c - c : c' G D' , c G -D}. This completes the proof. □ 

It follows from (|5.7I) that the associated semigroups are cb-norm continuous if 
and only if the sesquilinear map 4> is Ci?(Y)-valued. 

Remarks. Note that, in this case, the 'form representation' of k Q3.3P is given by: 

kf 9 = ( dav 9 ' 9 

where v 9 ' 9 — idy when a = and 

4> 9 = 4m • ■ ■ 4(t) ior a = {*,<■■■< s n }. 
In particular, if k = k^ where <j) £ L(p; k-_B(Y; V M |k))) then 

where u = f ^ is defined by (|3.ip with k = idy, and the cocycle relation may be 
expressed as follows: 

davf 9 =f dp I drv 9 '- 9 ovr :9 '' S;9 . 

[0,T+t] ^ r [0,r] -' r [(M] 

In this case the associated semigroup generators are given by 

1pc>,c = </>■ (5.8) 

Corollary 5.3. Let <f> G L(Y; Y 0(D)) and suppose that Y is finite dimensional. 
Then k* is an L(Y;Y 0(£d)) -valued Markov-regular quantum stochastic cocycle. 

Proof. This follows from the theorem above and Theorem 13.11 since, for finite di- 
mensional Y, there are natural linear identifications 

L(Y; Y 0{E)) = L(E; L(Y; Y |H))) - L(E; CB(Y; Y m |H))), 
for (E, H) equal in turn to (D, k) and (£d,J~). □ 
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We now begin to develop converse results. The first is a coordinate-free coun- 
terpart to Theorem 5.6 of ILW2I in the operator space setting. 

Theorem 5.4. Let k € QSC^Y : T>,T>') and suppose that k is Markov-regular and 
the maps t 1— > kt(x)£, and t 1— > k t (x)*^' [x G Y,£ G G V) are all continu- 

ous at 0. Then k is a (T>' ,T>)-weak solution of the quantum stochastic differential 
equation I^M f or some <f> G SL(D', D; B(Y)) . 

Proof. Define a map as follows 

^^x^5(Y),(Q,Q)^[73i 1] 

where {V'c'.c : d G D',c G D} are the generators of k's associated semigroups and, 
for ieY, let if(x) denote the corresponding map D' x D — >• Y . Markov-regularity 
implies that I 9 ' 9 , given by (|5.4p . satisfies 

l 9 ' 9 = y&y+ f dsl 9 '' 9 o^, c , 
Jo 

where c' = <?'(£—) and c = g(tJ). But, by the semigroup decomposition, I 9 ,9 = 
k 9 ' 9 ; since <j)~ = ijjc',c it therefore suffices only to prove that <f> is sesquilinear. 
Accordingly, fix v' G f)', v G f) and 16Y and note the identity 

<«',4'(x)«) ^limr 1 ^),^)) 

where C' = (*') G D> , C = Q G 5, 

a(t) = (fc|(o;*) - x* ® 1) (V ® {(2' - l)e(0) + e(c( 0it[ )}) and 

/3(t)=^(z,c [0 , t[ ,(2!)- 1 / 2 (c [0 , t[ )® 2 ,...), 
Thus if C = Ci + AC2 for (i = (*') € 5 (i = 1, 2) and A G C then 

(v', (4'(x) - 0g (x) - \4' 2 (x))v) = lim + (a(t),7(*)) 

where 

7 (t) = ® ((n!)-Va{ c «» - - (Ac 2 )®"} ® l [0 , t[ »)„> 2 . 

Since 7 is locally bounded and a(t) — > as t — > 0, by the continuity of the process 
k\ this shows that <p(x) is linear in its second argument. A very similar argument, 
in which the roles of k and k^ are exchanged, shows that 4>(x) is conjugate linear 
in its first argument. The result follows. □ 

Remarks. In view of Corollary 12.41 k is the unique linear (V , 2?)-weak solution 
of (|5.6I) . In particular, if either 

(a) G L(D; k-B(Y; Y ® M |k)) , or 

(b) Y is finite dimensional and <f> G L(Y;Y0 O(D)), 

then k = k^ and so satisfies the equation strongly. If Y is a C*-algebra and k 
is completely positive and contractive then (a) holds (by ILW2I , Theorem 5.4 and 
[LW3I , Theorem 2.4); it also holds if k is finite dimensional. 

We next identify a necessary and sufficient condition for (b) to hold. To this 
end let QSC Hc (Y : V,V) denote the collection of cocycles k G QSC(Y : V,V) for 
which 

k t | £ )(x) is bounded and s 1— > k s | e )(x) G V ®m is Holder ^-continuous at 

(5.9) 



"00,0 TpO.c 
Ipc'fi Ipc'c 



z-1 
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(t G R+,£ G £ D ,x G Y). Let QSC^Y : V,V) denote the set of processes k G 
P*(V : D,X>') such that both fc and satisfy fl57 



Lemma 5.5. Let fc G Q8Cj[j c (Y : D, T>') be Markov-regular, with resulting <f> {from 
Theorem \5.4\ viewed as a linear map Y — ¥ SL(D', D; Y). Then, for all x G Y, <fi(x) 
is separately continuous in each argument. 



lim i- 1 e-*<°'' e > 



Proo/. Fix i e Y and let (' = (* ) G D' and ( = ( j € D. Then, in terms of the 
generators of the associated semigroups, (j)^ (x) equals 

z'{(z - l)ip , (x) + ipo, c (x)} + (z - l){ip c > t0 (x) - ipo,o{ x )} + {ip c >, c (x) - ip 0>c (x)} 

and, for each v' G f)',e G D and v G t), setting C(x, e) = sup {i _1 / 2 ||fc ti | e )(iz;) - i® 
: t G]0, 1[} where £ = e(e [0ll [), 

(lj) c > te (x) - 1po te (x))v)\ 

(v' <g> {e(c{ 4[ ) - e(0)}, - a; <g> l)« ® e(e [0ll[ )) 

<|| W '||||c'||C(^e)||^||. 
Thus \\ijj C 'A x ) - ipoA x )\\ < || c'|| C(a;, e). It follows that 

ii^'wii 

< \z'\\\(z - l)ifo,o(x)+ifo, c (x)\\ +\z-l\ ||c'||C(z,0) + \\c'\\C(x,c) 

< \\C\\M((,x), 

where M(£, x) is a constant independent of Thus the sesquilinear map <^>(x) is 
continuous in its first argument. Again applying the above argument to yields 
continuity in the second argument. □ 

Remark. If Y is finite dimensional then the continuity assumption introduced in 
(15.9[) is equivalent to Holder-continuity at of the map 



m^| £) eB(Y;Y® M |J)) (£€&). 

If f) is finite dimensional then this further reduces to the pointwise strong continuity 
condition 

s i ¥ k s (x)£, E t)' <8> T is Holder ^-continuous at (x G Y, £ G I?). 

We alert the reader to the fact that not all finite dimensional operator spaces can be 
concretely realised in P(H), in the sense of a completely isometric embedding, for 
a finite dimensional Hilbert space H. For more on this point, and for details of an 
example given by the operator space spanned by the canonical unitary generators 
of the universal C*-algebra of a free group F n (n> 3), we refer to |Pisi| . 

Theorem 5.6. Let k G QSC^ C (Y : V,V) and suppose that Y is finite dimensional. 
Then there is G i(Y;Y0 O i (D,D } )) such that k = h*. 

Proof. Note first that, since Y is finite dimensional, the continuity assumption 
implies that k is Markov-regular. Let <fi G L(Y; SL(D', D; Y)) be the map resulting 
from Theorem 15.41 Choose an ordered basis {xi, . . . , x n } of Y and for x G Y, 
C G D' and Q G D, let ^ (x)\ i = 1, ...,n, denote the components of <f>£ (x), 

with respect to this basis. By Lemma 15.51 each functional 4>{x) 1 : D' x D — > C is 
sesquilinear and continuous in each argument; it is therefore given by an operator 
tj>W(x) G 0*(D,D>): 

4'(xy = (C,<P (i) (x)0 (C'eD'XeD). 
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Moreover, each map x i-> <j>w (x) is clearly linear. Thus, setting 

n 

<p(x) = ^2%i ® ^(x) 
i=i 

defines a linear map : Y — >• Y 0$(D, D'). Therefore, by Corollary 15.31 </> 
generates a stochastic cocycle. In view of the identity 

n 
i=l 

and Theorem 15.21 k has the same associated semigroups as the cocycle . Thus 
k = k^ and the proof is complete. □ 

By finite localis ability for a process k € P(Y — > Y : T>,T>') we mean finite local- 
isability for each k t . Combining the above result with Corollary 12.41 and Theorem 
14.31 straightforward localisation arguments allow us to summarize the new results 
of this section as follows. 

Corollary 5.7. 

(a) Letcf) G £(Y;Y00(Z))) be finitely localisable. Then k^ G QSC Hc (Y : X>, 2?') 
and is finitely localisable, moreover if <j) G £(Y; Y (9*(£), I?')) ^en fc^ G 
QS4 C (Y:X>,P')- 

(b) Conversely, let k G Q§Cj[j c (Y : 2?, 2?') fee finitely localisable. Then there is 
a finitely localisable map 4> G £(Y; Y 0^{D, D')} such that k = k^ . 

Application to coalgebraic cocycles. Theorem 15.61 yields an alternative proof 
of the principal implication in Theorem 5.8 of |LSi| which states that if C is a 
coalgebra with coproduct A and counit e, then any Holder-continuous quantum 
stochastic convolution cocycle I E W*(C — > C;£d,£d'), with Holder-continuous 
conjugate, satisfies a coalgebraic quantum stochastic differential equation 

dl t = h*r dA v (t), /n = to£, (5.10) 

for some map tp G L(C;Ot(D,D')). We end with a sketch of a proof of this. 
The Fundamental Theorem on Coalgebras and localisation arguments allow us to 
effectively assume that C is finite dimensional. Assuming this, linearly embed C into 
-B(f)), for some (finite dimensional) Hilbert space f), and observe that the process 
k G P*(C -> C; f) £ D , f) £ D >), defined by the formula 

h = (idc 0/t) ° A (t>0), (5.11) 

is a Holder-continuous quantum stochastic cocycle on C. Theorem 15.61 then implies 
that k satisfies the quantum stochastic differential equation (|5.6I) for some <fi G 
L(C;CqOHD,1J')). Set 

ip = (e0id ot(g >S5) ) o (j). (5.12) 

It is then easily checked that the convolution cocycle I satisfies the coalgebraic 
quantum stochastic differential equation (|5.10[) . 

Remark. The idea outlined here, of using correspondences such as (|5.1ip and (|5.12[) 
for moving between quantum stochastic cocycles and quantum stochastic convolu- 
tion cocycles, or their respective stochastic generators, also works well in the an- 
alytic context of quantum stochastic convolution cocycles on operator space coal- 
gebras. This enables application of known results for quantum stochastic cocycles 
to the development of a theory of quantum Levy processes on compact quantum 
groups and the characterisation of their stochastic generators. This is done in the 
forthcoming paper LS3 1 which also contains many examples. Dilation of completely 
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positive convolution cocycles on a C*-bialgebra to *-homomorphic convolution co- 
cycles is treated in [S]. The main results, in both the algebraic and C*-algebraic 
cases, are summarized in ILS2I - 
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